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ABSTRACT

We define the asymmetry constant s(E) of a Banach space E, and show
examples of finite-dimensional spaces with “large” asymmetry constants. If
E is n-dimensional, 1(E) its projection constant and m;(I/g) the absolutely
summing norm of the identity operator I, then n < ME)m(Ig) < n(s(E))2.
Similar equationslinking the p-absolutely summing and the nuclear norms of I
are established. We also obtain estimates on these norms, for example

ﬂz(IE) = \/n.

1. Preliminaries and definitions

The results obtained here are related to those in [4] and [5]. We recall some
basic definitions and results. We denote the Banach space of all continuous
linear operators from a Banach space E into a Banach space F by L(E, F) and
denote the identity operator on a Banach space E by I;. If T € L(E, F), T is said
to be absolutely summing [15] if there exists a non-negative number C such that

[Tx] ¢ swp X |<xad],

flaj=1 i=1

'Mw

[

i=
for each finite sequence xq,---,x, in E. If n,(T) denotes the smallest possible
value of C, then the space ny (E, F) of all absolutely summing operators from E
into F is a Banach space under the norm =,. A linear operator is absolutely
summing if and only if it is quasi-integral in the sense of [14], and #,(T) = i(T).
I, is absolutely summing if and only if E is finite-dimensional [1]; if E is finite
dimensional, let n(E) = n,(I).
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Tis said to have the extension property if whenever E is isometrically embedded
in a Banach space E, T can be extended to a continuous linear operator T; from
E, into F. E can always be isometrically embedded in a space C(H), where H is
compact, Hausdorft and extremally disconnected. T has the extension property
if (and only if) it can be extended to a continuous linear operator from C(H) into
F. If ¢(T) denotes the infimum of the norm of all such extensions, the space
L(E, F) of all operators from E to F with the extension property is a Banach space
under the norm ¢. ¢(Ix) = A(E), the projection constant of E. For details, see [12].
If F is reflexive (and in particular if F is finite-dimensional) it is sufficient to
suppose that the space H above is compact and Hausdorff. Thus if F is reflexive,
T has the extension property if and only if T is co-integral in the sense of [14],
with equality of norms.

It therefore follows from the duality results of [14] that if E is a real n-dimen-
sional space, the dual of (L(E, E), n,) may be identified with (L(E, E), c), the pairing
being given by

(S, T> = Tr(ST).
Thus,
(1) =#(T) =sup{ | Tr(ST)| :e(S) £ 1} and
() «T) = sup{|Tr(ST)|: =y(S) < 1}.
In particular,

(3) m(E) = sup{| THT)|: T e L(E,E), «(T) < 1} and

(@) AME) = sup{|TH(T)|: Te L(E,E), n(T) < 1}.

From either of these equations it follows that

(5) ME)n,(E) z n ([4] Theorem 2).

We shall see that in certain circumstances this inequality can be replaced by
equality.

We recall that the distance coefficient d(X, Y) of two Banach spaces X and Y
is defined to be inf( H T|] !} T‘1|
homeomorphisms T of X onto Y.

), the infimum being taken over all linear

We now suppose that E is a finite-dimensional real Banach space. If x;,x,, -, X
is a finite sequence in E,

IIA

sup{iél<xi’“>| pal 1} - sup{”ié |

|

38 = T 1},
so that
k
n(E) = sup{ x|/ sup | Zex,
i=1 =41
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the supremum being taken over all finite sequences in E. Note that (z,(E))~' is
equal to the constant u,(E) introduced in [5].
We recall that the Macphail number p(E) is defined as

k
WE) = inf:sup | Z x,-”/ T |x “}
e i=1
the supremum being taken over all subsets J of {1, -+, k} and the infimum over all
finite sequences x,, -, x; (k = 1,2,---) in E ([4], [16]).
ProrositioN.  7,(E) = Qu(E)~*.

This is a direct consequence of the following easily established identities:
Let x4, --+, X, be n vectors in a real normed space E. Let y,, -+, y,, be the vectors

Xis*tty Xy — Xq,°°*, = X,. Then

6 sup ” _Z Vi “ = sup “ g‘: Sixi“ =3 Sup _insiyil >
J ied g=x1li=1 gg=x11li=1

@ w@=sol T Il sup | Zen])

®) (u(E)~* = sup {iEl | v: [I/sgp | Z U}

the suprema in (7), (8) being taken over all sequences (yy, -, Va,) = (X1,, X,,
— Xy, — X,).

Finally, if G is a subset of L(E, E), we denote by G’ the set of elements of L(E, E)
which commute with every element of G.

2. Spaces with enough symmetries

If E is a Banach space, let G denote the group of linear isometries of E onto
itself. We shall say that E has enough symmetries if Gz = {AIg}.

THEOREM 1. If E is an n-dimensional real normed space with enough sym-
metries, A(E) = 2nu(E).

PrOOF. G isa compact group: let v be the normalized Haar measure on Gg.
There exists T eL(E,E) such that n,(T) =1 and ME) = Tr(T). If geGy,
n,(g™'Tg) =1, and Tr(g~'Tg) = THT) = AE). Let T, = [, (g7 Tg)dwW(g).
Then 7(Ty) < 1, and Tr(T,) = ME). Since T, commutes with every element of
Gy, T, is a scalar multiple of the identity; clearly, To = n~'A(E)I, and so
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12 my(To) = n ' UE)my(Ig) = (2nu(E)~'NE),

from which the result follows.
Let us apply this result to the finite dimensional I spaces. It is easy to calculate

p(ly) and p(l7):
I'(3n)
2 /aTEn + %)

2y _ i_ o n—1 _ sz(n)
wly) = =5 fo sin" " 10do = 2

Jn
where a,(n) decreases monotonically to the limit 1/ \/(27) ([3], [5], and [16]) and
(1YY = p(})if nis odd,

= p(I%,,)if n is even [5].
Applying Theorem 1, we see that

nI'(3n)

JalGn +3)
M%) if n is odd,

2n
T

M) = =2 /nay(n) ~

and that A(I})

= M2, ) if n is even.

The first of these results is due to Griinbaum [7] and Rutovitz [16]; the second
to Griinbaum [7]; their proofs are quite different.

More trivially, since A(I;)= 1 it follows that u(l;°) = 1/2n. Rutovitz ([16]
Theorem 1) showed that if p = 2, u(I2) = n™ =Py (n), where 1/./(27) < ay(n)
< a,(n) £ a,(n) = 1 and a,(n) decreases to 1/\/(275as n— . From Theorem 1
we conclude that A(I?) = 2n'/Pa(n): this strengthens [16] Theorem 3 slightly.
We shall return to these spaces in §5.

3. The asymmetry of a Banach space

If a Banach space E does not have enough symmetries, it is possible to give a
useful measure of its lack of symmetry. We define the asymmetry constant s(E)
to be the infimum of all those numbers u with the following property: there is a
group G of invertible operators on E such that G’ = {AI} and sup,.¢ ” g H =y
(If there is no such u, we set s(E) = o). We can characterize s(E) in the following
way.

THEOREM 2. Let 6(E) = inf{d(E,F): F a Banach space with enough sym-
metries}. Then o(E) = s(E).
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(If E is not linearly homeomorphic to a Banach space with enough symmetries,
we set 6(E) = 0.)

If ¢(E} is finite and ¢ > 0, there is a linear homeomorphism T of E onto a
Banach space F with enough symmetries such that ” T“ “ T-! “ = g(E)+e.
Let G = {T"'hT: heG;}. Then G is a group of invertible operators on E,
G' = {Mg}, and sup,.¢ | g| < o(E) + &. Thus, s(E) < o(E).

Conversely, suppose that G is any group of invertible operators on E such that
G' = {AI }and sup, .4 Hg” < u. For each x € E, let ”x H1 = sup{ ” gx H : g€G}.
|| x [|1 is a norm on E, and H X || = H X “1 su H x H . Thus, if E; denotes the space
(E,i ”1), d(E,E{) = . Now, if go€G and x€E,

|gox s = sup [ggox | = sup [gx| = [x]s.
geG gel

so that each ge G is an isometry of E;, and E, has enough symmetries. From
this it follows that o(E) < s(E).

CoroLLARY If E is real and n-dimensional, s(E) £ \/n.

For d(E,12) < /n [11].

The asymmetry constant s(E) introduced here is related to the symmetry con-
stants introduced by Gurarii, Kadec, and Macaev ([8], [9], and [10]). We shall
generalize their definitions to apply to finite or infinite-dimensional spaces. Suppose
that B = {e;} is a basis for E. If ¢ is a finite permutation of the integers, define
the operator g, € L(E,E) by g,(X4¢;) = Ze,,, and let G,(B) denote the group
of all such operators. If ¢ = (g;), where ¢; = +1 and ¢ = 1 for all but finitely
many i, define the operator g, e L(E,E) by g (2ZAe) = Zede, and let Gy(B)
denote the group of all such operators. Let G(B) the group generated by G,(B)
and GB). The diagonal asymmetry 6(B) of B is defined by

5(B) = sup{| g| : gG,(B)},

the coordinate asymmetry y(B) by x(B) = sup{ ” g ” : g€ G(B)}, and the total
asymmetry o(B) by a(B) = 6(B)x(B). Note that, since G(B) is the semi-direct
product of G(B) and G,(B), «(B) = sup { H g H : g€ G(B)}. If E is infinite-dimen-
sional, 6(B) is finite if and only if B is a symmetric basis, in the sense of Singer [17]
(cf. [17] Corollary 1 to the main theorem, or [2] Theorem 9), and then §(B)
=sup{| g|: geH,(B)}, where H, is the group of operators defined by all
permutations of the integers. A similar argument shows that y(B) is finite if and
only if B is an unconditional basis, and then y(B) = sup {|[ g”: ge H(B)},
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where H, is the group of operators defined by all sequences ¢ = (g;) withg; = + 1.
The diagonal asymmetry 6(E) of E is then defined to be inf(6(B)), the infimum
being taken over all bases, and the coordinate asymmetry y(E) and total asym-
metry «(E) are defined similarly. Note that x(E) is the same as the symmetry
constant introduced in [13], p. 298. Since (G(B))' = {Al}, it follows that
s(E) < «(E). If E is infinite-dimensional, it is not hard to see that (G,(B))’
= {AI}; thus, in this case s(E) < (E).

The following example is of a space E with enough symmetries, but with
ofE) > 1: Let G,, be the space whose unit ball is the 2a sided affine regular
polygon in the Minkowsky plane. Representing the vertices by

e; = (cos(nifn), sin{nifn)) i = 0,---,2n — 1, then

Y (1 0) nd B — (cos(n/n)—sin(n/n))

0 -1 sin (n/n)  cos(n/n)

are matrices which represent isometries of G,,. Obviously, {4, B}’ = {il, }.
On the other hand, «(G,4,) = 1 (e.g. (ey, €,) is a symmetric basis), but
A Ga2mr1y) > 1.

THeOREM 3. If E is real and n-dimensional, J(E) £ 2nu(E) (s(E))*.

This inequality can be obtained by making obvious modifications to the proof
of Theorem 1. Alternatively, we can argue as follows. For any ¢ > 0, there is a
linear homeomorphism T of E onto a space F with enough symmetries, such that

IT| | T-"| £ s(E) +&. Since Iy = T~'IT,
E) = et = | T] [ Tt = [ T} |7 [4)

and QuE)' =m@E) 2| T| | T = (F) = | T| | T~ | @u(F)~*. But
MF) = 2nu(F), by Theorem 1, and so the result follows by combining the ine-
qualities.

Theorem 3 and the following result enable us to calculate the asymmetry

constants of some spaces.

THEOREM 4. Suppose that {X};_, is a sequence of Banach spaces. Let
X = Xj_1 ® X;, with the supremum norm, let I; denote the inclusion mapping:
X;— X, and let P; denote the projection of X onto X;, for j = 1,---,n.
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(i) If E is a Banach space and T € L(X,E), then T is absolutely summing
if and only if each map TI; is; if this is so,

n(T) = » n(T1,).
j=1

(ii) IfE is a Banach space and T € L(E, X), then T has the extension property
if and only if each map P;T does; if this is so, c(T) = sup; < ;<n¢(P;T).

(@) If T is absolutely summing, so is each map TI;; since T = XL, TI;P;,
ny(T) £ Xj-1ny(TI;P)) £ Zi_; n(TI;). On the other hand, suppose that each
map T1;is absolutely summing. Then each map T1;P; is absolutely summing, and
so therefore is T = X[, TI;P;. Given & > 0, for each j there is a finite set S; in
X; such that supj, <1 ersJ.I(x,a)] =1 and 2,5, ” TI;x ” 2 n,(TI;) — ¢/n.
Let S ={J7=1I(S). Then X, 5 ” Ty ” = X 7ny(TI;) — &. On the other hand
if aeX’ and ”a“ <1, we can write a = (a;);-,, where each q;€ X} and
Z” a; H < 1. Thus

Llnad|= 2 X |xap|sX|a]=t.

Hence n,(T) = Xi=17,(TI;) —e.

(ii) If T has the extension property, so does each map P;T, and ¢(P;T) < ¢(T),
so that sup; <;<,c¢(P;T) £ ¢(T). On the other hand suppose each P;T has the
extension property. Let L be an isometric embedding of E in a space C(H), where
H is compact, Hausdorff and extremally disconnected. Given & > 0, for each j
there exists a map S; from C(H) into X, such that [|S ]| < e(P;T) + ¢, and
S,L=P,T.Let S= X/_,I;S;. Then |S|| < sup «(P;,T)+¢,and SL= XI,P,T =T.

CoRrOLLARY. If {X;}}. is a sequence of real finite-dimensional Banach spaces,
and if X = L%, ® X, with the supremum norm, then

M 5 = B )
and

@) AX) = sup AX).
15jsn
If we apply the theorem to Iy, we obtain (i) (since clearly n,(I;) = n:(Ix )
and the equation A(X) = sup;<;<,c(P;). Since Iy, = P;I;, AX;) £ c(P;) || I ”
= ¢(P;); since P; = Iy P;, c¢(P;) £ MX)) ” P; ” =A(X,). Thus we obtain (ii).

Fal
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ReMaRk. Using the integral characterization of absolutely p-summing opera-
tors, it can also be shown thatif X = 7., @ X, then (n (X))’ = X/ (n,(X ).
We omit the details.

If f and g are real positive functions defined on the integers, we use the notation
f(n) < g(n) if sup,(f(n)/g(n)) < oo, and if in addition g(n) < f(n), we write
f(n) ~g(n).

For two normed space X and ¥ X ®"Y (1 < r < o0) denotes the space with
Si
THEOREM 5. If 1 £ p,q,r £ o0, then

the norm | (x,) | = (|| x|

nlt2em 120 (p—2) (g —2) 2 0
(D) ~sEE@IY ~<nt2P M4 1 if p <2< gand 1/2p+1/q = 3/4

(471 5 if p£2 < g and 1/2 + 1/p < 3/4.
Let

’=—-r———- ’=—p__. I=-q_ =p00q =P'0°q'
r r_l,p p_19q q_19X ln@ln’Y ln('Bln’

and Z = I @ 1,1 We need the following facts:
(1) 1=2dX,Z) 2
(2) «(E) = a(E*) = s(E*) = s(E) for a real finite dimensional normed space E;
(3) If E and F are isomorphic Banach spaces, then a(E) < a(F)d(E, F) and
s(E) < s(F)d(E, F).
If2 < p < 0 AIY)~ n'/? (cf. [16] or [4]), thus, if 2 < p < g < o0 we get by
Theorem 3 and Corollary to Theorem 4,
@X)* z ((X))* Z AX)ny(X))2n ~ W) (s (1) + 7, (1D)/2n
2 AMmy(I2n = HI2A(07) ~ n 1P~ H,
On the other hand, let 1/t = 1/2p + 1/2g, by (1) — (3) and [8] or [4],
oX) < dX, 1) S dX, LS A0 S 1, 15,)
< 24X, 1D 1) < 2max {d(, 12), d(F,, 19}
2max{nl/p—1/t’ nl/t—l/q } = 2n 1/2p—1/2q.
Therefore, o(Z) ~ s(Z) ~ n 112271124,
If1 £g £ p <2, we calculate the asymmetry constants of

v

It

z=1el,
and since 2 £ p’ £ ¢’ £ o, weget by (1) — (3), A(Z) ~ (Z) ~ n'/217 1122,
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If p < 2 < g, then by results of [4] A(J2) ~ n'/?, hence, similarly as above
(X)) = (s(X))* 2 AL ~ nt/>~ 1,
from this and since ¢’ < 2 < p’, we obtain by (1)~(3), s(X) = s(X*) 3 nl/4~1/27,
Combining the inequalities, we have

S(Z) Z max {n'/?P7H4 pl4=120) f 5 < 2 < g

If in addition 1/2p + 1/q = 3/4, let 1/t = 1/2p + 1/4, then proceeding as above
AX) £ dX,13,) < 2max {d(I}, ), d(I3, 1)} ~ n'/2P7 14

hence,
W(Z) ~ s(Z) ~ nt/PP74
The case p £ 2 < gq, 1/p+1/2q < 3/4is dealt with similarly, where the space
considered is Z*.
ReMARK. Theorem 5 solves the problem (cf. [8] p. 722) of finding a sequence
of finite dimensional spaces such that «(X,), ., — o, and suggests the following

CONJECTURE. s, = sup {sS(E); dimE = n} = 0(n'/*).

It 035 easy to see that if we take r to be the integer nearest to n/3, then
s(12@ 12.,) = (8n/27m)"/*, hence en'/* < 5, < \/n, where ¢* = 8/27x.

The second named author proves in his Ph.D. Thesis the following related
results:

(a) f1<p<2=q= o and n=2% then
S(If(-rB Iy~ max {n 1/2p-1/4 n1/4—l/ZQ}.

(b) (P @17 =coif p#q.

The following problems then arise:

ProBLEM 1. What is the asymptotic behaviour of a(I? @ I%) when p £ 2 < g
and 12p+1/g <3 <1/p+1/29?

ProBLEM 2. Is s(I® @ 1Y) = oo when p # q?

The existence of a projection of norm 1 of 1? @ 1%onto 14 @r I7 and the fact that
(P@ 1>, ©if p # g, need not imply that s(/* © 1% = 0. We are grateful

to Dr. M. A. Perles for noting this and supplying an example of a space with
enough symmetries which admits a projection of norm 1 onto a subspace with a

large asymmetry constant:
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Let E = X7, éXj, where X; = X (j = 1,2,--,m) is a space with enough
symmetries. Then E is a space with enough symmetries.

For, let P;:E— X; and I;: X; — E be the projection and inclusion operators.
For any permutation o = (¢(1),---,0(m)), let g, = X" I,,P;, and for any
e = (&,",¢,) where g, = + 1, let g, = 2. ¢,I,P;. If g is an isometry of X,
let§ = X, [;gP;.

Then the group G generated by all g,, g, and ¢ is a group of isometries such
that G’ = {AI}.

Take now X = [, m = n + 1. There is a natural projection of norm 1 of E

onto I? @ 12, and s(12 & I7)y-> .

4. Absolutely p-summing and p-nuclear constants

Let us now apply the duality results of [ 14] concerning p-nuclear and absolutely
p-summing operators. If 1 < p < oo, we recall that 7,(E, F) denotes the set of all
T € L(E, F) for which there is a constant C such that

’

e

(2 17el < csup( £ <e erp)r
i=1 i=1

<1)

for each finite sequence (ey, -+, e,) in E. n,(E, F) is a Banach space under the norm
n,(T) = inf C([14], [15], [13]); if Ten(E,F), T is said to be absolutely p-
summing.

If 1 < p < o0, N(E, F) denotes the set of all T € L(E, F) which can be written
in the form T(e) = X2 e, el f;, where (£2, | ¢/|?)'? < oo and

P’)I/p’ . ”f/
(where 1/p + 1/p’ = 1). N,(E, F) is a Banach space under the norm
v(T) = inf{( > e{”")”psup{( S < ["')’“":llf’ < 1}}
i=1 i=1

where the infimum is taken over all representations of T [14]; if T € N,(E,F),
T'is said to be p-nuclear. Finally, we recall that T € L(E, F) is nuclear if it can be
written in the form T(e) = X2, {e, ;> f;, where L2, ” e/ H ” 5 ” < oo ; the collec-
tion N,(E, F) of all nuclear operators from E to F is a Banach space under the
norm v,(T) = inf(X2, I] e,f]
representations of T.

If E is finite dimensional, we write n,(E) for m,(Ip), v,(E) for v,(I).

sup( £ 1<fi s

§1=<oo

H f,-H), where again the infimum is taken over all
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We shall apply the following results of [14] to the case where E = F and
dimE=n<ow:

(@) Ifl1<p<oo,n(T) =< v(T)([14] Satz 35 and Satz 40);

(B) 7, (T) = vo(T) ([14] Satz 35, and the remark on p. 43);

@ If1=2p=qg<o, n,(T) =7 (T) and v(T) = v(T) ([14] Satz 31
and Satz 4);

() Ifl<p<o,andl/p+1/p’ =1,thenv,(T) = sup{TrST); n,(S)=1}
([14] Satz 52) and =, (T) = sup {Tr(ST); v,(S) < 1}.

We shall also need

(&)  v(T) = sup{Tr(ST); || S| = 1} ([6] Théoréme 1).

THEOREM 6. Ifl<p< oo, 1fp+1/p' =1 and n = dimE, then

n < mE)y (E) < n(s(E))*.

This is proved in exactly the same way as Theorem 3.
CoROLLARY. If E has enough symmetries, then
n = np(E)Vp,(E).

We shall also use the following result due to Jobn [11]:

THEOREM (JOHN). Let (F, [] ”F) be a real n-dimensional Banach space. with
unit ball Sy. Let || ”2 be the Hilbert space norm on F with the property tha
the unit ball in (F, ” []2) is the ellipsoid of least volume containing Sg. Then
there exisis an integer s, vectors y,---,ys in F and positive scalars A, -, 4,
such that

i) n=s=Znn+1)2,
(@) 1=|plr= ]| for t2r<s,

and

(i) X A<x,y,>y, = x forallx in F
r=1
({x,y,> is the inner product defined by [] “2).

Note that it follows from (ii) and (iii) that ¥;-; 4, = n and that ||y, [p. = 1,
where ” g+ is the dual norm of the dual space F*.

TueoREM 7. If E is an n-dimensional real Banach space, then

@ m(E) = \/71;
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(i) v(E)=n;
(i) n'? LA E) S v(E) < n'? for 1< p<2;
(iv) n'" S (E)Sv(E)sn'Pfor2<g<o0;
(v) AE) £ a'2,

Applying (B) to Theorem 6, it follows that n,(E) = ./ n, and it follows directly
from (¢) that v;(E) = n. Now let F = E*, and let y,, A, be the quantities in John’s
Theorem. Thenif 1 < p < 2,

x= X {x, APy, AP y | for any x in E,
r=1

(where 1/p + 1/p’ = 1), so that

IIA

0@ = (Z 1A ln) s (B[, 2 )

=1 fzllr=1

It

( s A,)”" sup (EA, <3, 25 l"’) '
r=1

fzllrpg21\ r

lIA

v (340,55

llzlFp£1 \r

i/p sup ”2”22/1:’ =n1/”,

I7llrg1

= n

since |{y,, z)| < 1 and p’ Z 2. This proves (i) and (ii), and since 7,(E) = 7,(E)
(by (), (iii) is also established. If ¢ = 2, (n,(E))? 2 (n,(E))* = n by [5] Theorem
1, Corollary 1, and v,(E) < v,(E) = n'/?, and so we obtain (iv). Finally,

MEY= sup{| Tr(T)|: T e L(E,E), n,(T) < 1}
sup {| Tr(T)|: T € L(E,E), n(T) < 1}
nZ(E)s

and (v) follows from this.

IIA

REMARKS. The validity of the estimate A(E) < n'/?> was first noticed by
Kadec [20] who also used John’s theorem. We are indebted to A. Pelczynski
for this information. This observation of Kadec drew our attention to John’s
theorem and suggested its application in Theorem 7.

The inequality 7,(E) = n'/? can be considered as the solution to a weak form
of the conjecture due to Dvoretzky and Rogers ([1], Remark p. 196). Theorem 7
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also improves the estimates of [5] Theorem 3 ((6) and (7)) and of [8] Corollary 3,

Theorem 6 and Corollary 4 ([10], Theorem 3 and its corollary). Note also that

these inequalities are asymptotically exact (cf. [5] Theorem 2, (2) and (3)).
Another conclusion which can be drawn from John’s Theorem is :

THEOREM 8. Let X be a closed subspace of a Banach space Y, such that
dim(Y/X) = n. For any ¢ >0, there is a projection P of Y onto X such that
[P 1+ yn+e

Let Z = Y/X. We formulate John’s Theorem in the following way : There is an
isomorphism T': I °%’ Z such that ” T! ” = 1, and there are s points e, -, &
in I, and positive scalars 1, -+, 4, satisfying the following equations

@ Zi=n
G) 1=|e| =|Te|=]T*"e| for1=r<s,
(iii) i ALx, e e, = x for all x in 12,

r=1

Let U: Y - Zbe the natural mapping Uy = y + X, and let z, = Te,. There
exist y, in U~'Z such that Uy, = z, and |y,

P:Y->Yby

£ 1 + &. Define the operator

Py =y E}'r<[]ya T*—ler>yr'

Weshall see that P is a projection of Y onto X. Indeed, Tx= XA,{Tx,T* ¢, Te,
for all x in I3, so that Uy = X AUy, T* e, »Uy, for all y e Y. This implies
that UPy = 0 ; therefore P maps Y into X. But since Ux = 0, if x € X, it follows
that Px = x, whence P is a projection of Y onto X.

Suppose now that y e Yand ||y | £ 1, then | Uy | < 1, and since ]

nlSt+e
we get

[Py 1+ 1+ Z4|KUpT* ey | S 1+ 1 +e) (24"
(ZALUy, T* e, y?)!72.

Now, Uy = XA(Uy,T* 'e)Te,; therefore, T* 'T-'Uy = X4,
(Uy, T*1eyT*~"e, ; hence, (ZACUy, T* 'ey)'/* = (Uy, T*-'T~1Up)!*
- ITwy] st

From this it follows that H P ” <14+(1+9 \/ﬁ, and the proof is concluded.
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Theorem 8 improves on the result of [19], Theorem 6. (There, the estimate
”P“ <1+ n+c¢ is obtained). An independent proof of Theorem 8§ was
obtained by Davies [21].

TuroReM 9. If E is an n-dimensional subspace of 1¥ (1 < p £2), then
ME) 2 Kg' \/n (where K is the Grothendieck universal constant [6] [13]).

Let J: E— C(X) be an embedding operator, where X is a suitable compact
Hausdorff space, and let P be a projection of C(X) onto J(E). Applying (f) to (),
with T = S = P, we have (n,(P))> = Tr(P?) = Tr(P) = n. Since J~'P maps
C(X) into I* and since C(X) is an .#,, , space, we obtain from [13], Theorem 4.3:

m,(P) = n,(J~'P) £ K¢ |J7'P| = K¢ || P|.

CoroOLLARY. If E is n-dimensional,

ME)ME*) = Kg*' \/n.

Without loss of generality we may assume that E is a polyhedral space; let
J : E > [,be any suitable embedding operator. Let P: [,,°— JE be a projection
such that ” P” = A(E). P*J* is a projection of (IX)* = I} onto P*E*, and by
Theorem 9 A(P*E*) > K5'\/n ; since A(P*E*) < YE*)d(E*, PX(E*)) < ME*)| P*|
= ME*)A(E), the result follows.

5. The constants associated with [, spaces

A detailed account of the absolutely p-summing and projection constants of the
spaces I}, was given in [4] and [5]. We now show how these results, together with
results concerning the p-nuclear constants, can be obtained in a slightly stronger
form, using the duality described in the preceding section. If 1 < s < o0, we denote
by s’ the number 5/(s — 1).

TueoreM 10. There exists a function B(q) = 0(q"/?) such that

® vill) =nfor 1 srg w;

(i) Jn = Ay = Kgh/n, for 1 <r<2;

(i)  Ken 2z mB) 2 n(l) = /n 2 n() 2 B@) ™ /n,
for1£r<£2,15p<2=£q<w;

(iv)  B(p)y/n Z v, 2 v(B) = Jn zv() 2 Kg n,
for1 2r22,1<p=£2<g< w;

) A = 2a(m)n'’" for r = 2;
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(vi) n'r =) = BP) a'" for2<r<p< o;
(vii)  n'm =) = 20 (mn'” for 2<r<p<
1 r r ’ .
(viiy n'P=v(I)=mn,) for ¥ Sp<r=o0;
(ix) Qo) ' = (B 2 m L) Z 0 for

ISpsrsr=sw;

i\

X Bphnt™ =y Iy zn for 1<p<r Sr< w;
(x) (") oL p= ;

(i) and (i) follow from Theorems 7, and 9, and so do all the results of (iv),
except for the first inequality.
Let E = {e=(ey,--,¢,): 6= +1, for 1 £i =< n}. If xel,, then
x=2"" X {x,¢)s,

&t E

so that
Wt £ 27 el msun {( 2o |l s1)
teE t€kE
= 27 sup| T[] < b
eeE
Now,

( X I(e,f’>lp’)1/p’ _ 2n/p’(J;lliéﬁq;i_l(t)lp'dt) 1/p"

ceeE

where ¢, is the i —th Rademacher function, and by [18] Chapter V Theorem 8.4,
there exists a function B(p) = O(p'/*) such that

fl

2.

") < B

1 n
(]| 2o

o li=1
Now, if 1 £r £ 2, ”f’ , S nl27U ) ol L so that combining the inequalities,
v(l) = B(p) \/ﬁ. Thus (iv) is established, and (iii) follows by duality. If r = 2,
02 2| so that v(I;) < B(p")n''", giving the first inequality in (x);
the first inequality in (vi) is due to [5] (Equation (24)), and (vi) and (x) are now
deduced by duality. The last inequality in (ix) is established in [5] (Equation 26),
and the expression for x,(l}) is due to Rutovitz [16]; (v) was deduced from this
in §2and (vii) follows from (ix) by duality.

Finally, we can write I(x) = X,%,<{x,¢e;, so thatif p = r,

(2 el ) rsup|( % [<er ]} s

wrsup (7] 2 |

(viii) follows from this, from Theorem 7 and Corollary to Theorem 6.

A

V(1) < 1}

I

’r’ é 1} = nl/p;
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